Summary. We design and study Schwarz Waveform relaxation algorithms for the linear Schrödinger equation with a potential in one dimension. We show that the overlapping algorithm with Dirichlet exchanges of informations on the boundary is slowly convergent, and we introduce two new classes of algorithms: the optimized Robin algorithm and the quasi-optimal algorithm. Numerical results illustrate the great improvement of these methods over the classical algorithm.
Introduction
We investigate the design of domain decomposition algorithms for the linear Schrödinger equation with a real potential V , in one space dimension:
This equation is an important model in quantum mechanics, in electromagnetic wave propagation, and in optics (Fresnel equation). To our knowledge, there is no study prior to the present work on domain decomposition methods for the Schrödinger equation. We first introduce the classical algorithm, with overlapping subdomains, exchanging Dirichlet data on the boundaries. Its slow convergence emphasizes the need for new algorithms.
The key point of these new algorithms is to notice that the convergence in two iterations is obtained when using transparent boundary operators as transmission operators between the subdomains, even in the non-overlapping case. However, these operators are not available for a general potential. Thus, we introduce a quasi-optimal algorithm using the transparent operators corresponding to the value of the potential on the boundary. We also study the possibility of using simpler transmission conditions on the boundary, of complex Robin type.
We then introduce a discretization of the Robin algorithm and a discretization of the quasi-optimal algorithm.
We finally illustrate the results through numerical simulations, for various types of potentials, like constant, barrier, or parabolic. We show how slow the convergence is with Dirichlet Schwarz Waveform Relaxation (SWR), and how the optimized SWR greatly improves the convergence. We also show, that the best results by far are obtained by the discrete quasi-optimal algorithm.
Remark 1. For a more detailed study, we refer the reader to [6] .
Classical Schwarz Waveform Relaxation
. We decompose the spatial domain Ω = R into two overlapping subdomains Ω 1 = (−∞, L) and Ω 2 = (0, ∞), with L > 0. The overlapping Schwarz waveform relaxation algorithm consists in solving iteratively subproblems on Ω 1 × (0, T ) and Ω 2 × (0, T ), using as a boundary condition at the interfaces x = 0 and x = L the values obtained from the previous iteration. The algorithm is thus for iteration index k = 1, 2, . . . given by
Using the Fourier transform in time, we easily compute the convergence factor of the classical algorithm in the case where the potential V is constant:
where τ is the time frequency. The convergence factor in (3) tends to 1 when the overlap L tends to 0, as all overlapping Schwarz methods do. But it also tends to 1 when τ tends to infinity, which differs from what happens for wave equations [5] or parabolic equations [3] . This deterioration of the convergence factor for high frequencies suggests a poor performance of the classical algorithm for the Schrödinger equation. This is confirmed by the numerical results. In figure 1 , we present the exact solution and the approximate solution computed with the classical algorithm at various times for the free Schrödinger equation (V = 0). The results are displayed after 200 iterations of the algorithm. We take two subdomains Ω 1 = (−5, 4∆x) and Ω 2 = (0, 5), and the step sizes are ∆t = 0.00125, ∆x = 0.0125.
